The structure of colloids with competing interactions which are confined in a harmonic external trap potential is analyzed numerically by energy minimization in two spatial dimensions. A wealth of different cluster structures is found to be stable including clusters with a fringed outer rim (reminiscent to an ornamental border), clusters perforated with voids, as well as clusters with a crystalline core and a disordered rim. All cluster structures occur in a two-dimensional parameter space. The structural ordering can therefore be efficiently tuned by changing few parameters only providing access to a controlled fabrication of colloidal clusters.
I. INTRODUCTION
Suspensions of mesoscopic colloidal particles are ideal model systems to study structural order and phase transitions on the fundamental length scale of the individual particles [1, 2] . One key advantage of colloids is that the effective interaction between the particles can be tailored by changing the particle and solvent conditions and by putting additives into the solution. The traditional Derjaguin-Landau-Verwey-Overbeek pair interaction [3] as composed by screened electrostatic repulsion and van-der-Waals attraction provides a widely tunable range of possible pair interaction potentials which can even be augmented by adding nonadsorbing polymers leading to depletion forces [4, 5] . It has been shown over the past few decades that systems with a peculiar pair potential including competing length scales may exhibit various interesting phases in the bulk including stable one-component quasicrystals [6, 7] , isostructural solid transitions [8] [9] [10] [11] (see also Ref. [12] ), cluster formation [13] [14] [15] (see also Refs. [16, 17] ), microcrystalline gels [18] , microphase separation [19, 20] , and unusual string phases [21] [22] [23] or other exotic solid structures [24] .
Colloids with competing interactions have mainly been studied in the bulk, but there are only few studies [25] where colloids with competing interactions have been explored under confinement. A key example for strong confinement is given by a parabolic external trapping potential. In fact, this is the simplest model for traps created by optical tweezers confining colloidal particles as well as for thermophoretic traps in complex plasmas. Conversely, quite a number of studies exist in the literature (see Ref. [1] for a review) for systems with simple (e.g., purely repulsive) interactions confined in a trap. As a general scenario, for sufficiently large confining strength and/or the number of trapped particles, there is a crossover to freezing within the confined cluster. For complex plasmas, this has been demonstrated for the so-called "Coulomb balls" [26] [27] [28] [29] , which are composed of crystalline shells around the potential minimum. There are "magic * lqcc@df.ufpe.br † sergiowsa@df.ufpe.br ‡ hlowen@thphy.uni-duesseldorf.de numbers" for which the shell structure is optimal [30, 31] . A similar setup in two spatial dimensions can be realized for super-paramagnetic colloidal particles [32] . In this case the external trap can be controlled by optical tweezers leading to interesting effects like colloidal "explosions" of dense clusters when the confinement is released [33] .
A few years ago, Liu et al. [25] studied a system with competing interactions in a parabolic trap which have consecutive repulsive-attractive-repulsive parts as a function of the interparticle distance. They find that, apart from the traditional shell structure, a formation of subclusters in the trap is possible. Even a void structure can be formed which is surrounded by a connected cluster where the void spacing is much larger than the averaged interparticle distance. The findings of Liu et al. [25] clearly show that the cluster structure sensitively depends on the details of the pair interaction. Therefore studies with other competing interaction forces are clearly motivated in order to get even more unexpected cluster shapes and structures.
In this paper, we consider a richer class of repulsiveattractive-repulsive pair potentials by admitting more and other parametrizations of the pair potential than in Ref. [25] . As a result, we find even more exotic cluster structures for a colloidal system confined in a parabolic trap. In detail, we predict a new cluster structure which is "fringed" at the outer boundary reminiscent to an ornamental border. The inner part of the fringed cluster can either be compact and crystalline or be perforated by voids. Moreover, we explore the crystallinity of the clusters in detail, and we find stable cluster structures which have an inner crystalline core and an outer disordered rim. The full cluster structure is obtained by extensive energy minimizations in a twodimensional parameter space. Our theoretical predictions can be verified in real-space experiments of confined colloids with competing interactions. Control over different cluster shapes and structure by tuning only a few external parameters is highly desirable for the fabrication of optical switching elements and microsieves and filters of controlled porosity [34] . We therefore believe that our theoretical predictions are also relevant for possible applications. Moreover, we note that the finds of our work can also be relevant for hard condensed matter systems, such as in multiband superconductors, since the vortixe-vortixe interaction potential is also repulsive and attractive, respectively, at short-range and long-range distances [35] [36] [37] .
This article is organized as follows: in Sec. II, we discuss our theoretical model and the computational methodology used to lower the temperature of the system, and we define some quantities that are used to characterize the structure of the clusters. In Sec. III we present our results and discussions, while the conclusions are given in Sec. IV.
II. THE MODEL

A. Interaction potential
We investigate the structural properties of a twodimensional system composed of N monodisperse colloids confined together via an isotropic parabolic potential. The interparticle interaction potential is given by
where r ij is the distance between the centers of the colloids i and j , U HC (r ij ) denotes a short range soft-core potential, U PW (r ij ) a midrange potential well, and U G (r ij ) a shifted Gaussian-shaped potential acting at larger distances. The explicit expressions for these three parts of the potential are
where D defines the colloidal diameter, ε gives the strength of the potential, m and n are exponents that define, respectively, the steepness of the left and right sides of the total potential well, α is the inflection point of the term U PW (r ij ), while R and β are parameters used, respectively, to tune the height of the Gaussian term U G (r ij ) and shift its position along the radial direction. In this work we use the value β = 1.5(D + α) in order to avoid superposition between the terms U PW (r ij ) and U G (r ij ). Figure 1 shows a schematic representation of the interparticle interaction potential given by Eq. (1) for the particular situation of α = 1.5 and R = 5.1.
The total interaction potential used in this work, that is, Eq. (1) with Eqs. (2a)-(2c), is an extension of the potential treated in Ref. [38] . In this reference the interaction potential is given solely by the sum of the two first terms U HC (r ij ) and U PW (r ij ). It will be demonstrated, in the following sections, that the Gaussian term U G (r ij ) plays a crucial role in the self-assembly process of trapped colloids and gives rise to a wide variety of configurational orders.
The external confinement potential is given by the parabolic expression
where the prefactor κ defines its relative strength. Finally, we can write the total potential energy of the system as
In order to search for stable configurations, we use a simulated annealing scheme. First, for a set of parameters, the colloids are placed randomly without superposition on a square box centered at the origin and with lateral size equal to 25D, while the temperature is set to the value T 0 = 5ε/k B . In the sequence, the temperature is slowly decreased to T f = 0. The evolution of the system for a given temperature T is tracked by the overdamped Langevin equation, integrated using Euler's method, which results in the algorithm
where F i = − ∇ r i U tot is the total force acting on particle i, t is the finite time step of the integrator, and g is a two-dimensional vector with random components, which follows a standard normal distribution of zero mean and variance one. The viscous drag coefficient is set to γ = 1. Thereby, the time scale is t 0 = γ D 2 /ε. A good convergence of the integration algorithm is achieved for t = 10 −5 . For each temperature T , we iterated the system 5 × 10 4 time steps before decreasing the temperature by an amount of T = 0.05. In order to obtain statistically reliable results, the above procedure is repeated over different realizations of the random Langevin force for each set of parameters. Throughout our simulations, the following parameter values were kept constant: m = 50, n = 10, D = 2, ε = 1, and κ = 0.1, while the parameters R and α were varied.
B. Classification of the structure
Local structural order
In order to quickly identify different symmetries of the particle arrangements in the cluster we define the parameter
where N i is the number of first neighbors of the ith particle, {k,l} runs only over those first neighbors of i that are also first neighbors of each other, and θ i kl are the bond angles, that is the smallest angle formed by the distance vectors r ik and r il . An illustration of how ξ is computed is given in Fig. 2 . In this example, one has ξ 1 = (sin θ The reason why we use the sine of the bond angles rather than the angles themselves is to better distinguish between, for instance, a perfectly triangular lattice from a rhombic lattice. In both cases, each particle has six neighbors forming six bond angles, so
• irrespective of the symmetry. However, in general, a rhombic lattice comprises two different bond angles: θ , appearing four times, and φ, twice. Therefore, for a rhombic lattice with, e.g., θ = 50
• and φ = 80
• , ξ i = 0.839, while ξ i = 0.866 for the triangular lattice. In Ref. [38] it was shown that triangular, squared, and Archimedean tiling patterns can be distinguished successfully by using the symmetry parameter ξ .
Within the investigated ranges of α and R, i.e., 0.01 α 5.5 and 0.01 R 5.3, respectively, we could identify three different local ordered phases: the triangular, squared, and an ordered mixture of square and triangular cells in a 3 × 2 proportion [see Fig. 5(d) ], which we call mixed lattice. The values of ξ for a perfect lattice of the types triangular, squared, and mixed are, respectively, ξ = 0.866, 1.000, and 0.951.
Global structural order
The simulations performed in this work revealed that the colloids, whose dynamics is ruled by Eq. (4), can self-assemble in complex structures exhibiting interesting macroscopic patterns. A few examples of such macroscopic states are those where the cluster structures have a fringed outer boundary or an inner region that can either be compact and crystalline or be perforated by voids. Figure 3 (a) displays a typical configuration obtained through a self-assembly process for the particular case of α = 4.0 and R = 5.1. We can see that such a cluster is perforated by four voids of approximately circular shape. On the contrary, for other values of these parameters, a massive core crystalline cluster becomes possible, as can be seen, for instance, in Fig. 5(a) for α = 2.8 and R = 0.3.
In order to distinguish between these two types of configurations shown previously, we defined the quantity η. This latter is defined as the ratio between the quantities A p and A c , which are, respectively, the area occupied by the colloids and the area delimited by the smallest convex polygon that contains the entire cluster, i.e., the convex hull. In calculating A p , we first use the Delaunay triangulation to generate the set of triangles with vertices on the colloidal centers, and, second, we discard those edges of the triangles that are larger than two colloidal diameters. The total area of the remaining triangles gives the quantity A p . An example of such triangulation can be seen in Fig. 3(b) , while Fig. 3(c) shows the convex hull of such cluster. For comparison, the cluster presented in Fig. 3 has A p = 1122.83, A c = 1552.87, and η = 0.72, while the compact one in Fig. 5(a) has A p = 1202.89, A c = 1232.36, and η = 0.98.
Notice, however, that the quantity η does not allow one to unambiguously distinguish perforated clusters from the fringed ones. For instance, the fringed cluster shown in Fig. 7(a4) gives η = 0.67, which value is close to that obtained, previously, for the perforated cluster of Fig. 3 , that is, η = 0.72. Yet the two clusters have rather different structures. To resolve such an issue, we can further modify the Delaunay triangulation by removing all edges that are shared between two triangles. In doing so, we obtain the cluster's α shape [39] , i.e., a set of graphs representing the borders of the clusters and where each node corresponds to one particle. Figure 3(d) shows the α shape of Fig. 3(a) , which comprises five different borders, that is, one external border and four internal ones. Now, using the α shape we will define two finer-grained parameters, and σ 2 r . The parameter is the number of particles in the second-largest border of the cluster. This definition usually matches with the largest internal border of the cluster, as the external one is often the largest. The second parameter, σ 2 r , is the variance of the position vectors' magnitude of the particles present in the largest border, i.e., in the external concave hull. It is easy to see that the fringed clusters will have a larger value of σ 2 r than those clusters that does not present fringes. Armed with these definitions, we are now able to distinguish clusters with fringes from that with voids.
III. RESULTS
As expected, due to the presence of the external confinement, the self-assembled structures are constituted by only one cluster containing all particles. We found that these particles can form lattices with a well-defined microscopic ordering, such as square, mixed, and triangular lattices. Besides such a local order the self-assembled structures also possess different global patterns. For example, we found that the stable clusters can have a massive core or a core pierced by voids, while their edge can be compact, fringed, or disordered. Given this wide variety of ordering types, we made use of the quantities ξ , , and σ , which were defined in the previous section, in order to obtain a more complete and quantitative description. In the next two subsections, we will investigate how the microscopic and macroscopic orderings, respectively, are influenced by the parameters R and α of the interaction potential. Note that we have divided this section into two parts only for didactic purposes; however, it is worth remembering that the same cluster has a global and local order simultaneously.
A. Local structure
In order to identify the type of local ordering present in a given cluster, the value of ξ is computed for each of the particles making up the system. With this we can know whether a given particle helps to compose some kind of lattice. For example, if the value of ξ for a given particle is within the range 0.85 ξ i < 0.89, then we consider that it composes a triangular lattice. We define the quantity φ triangular as the ratio between the number of particles belonging to a triangular lattice and the total number of particles. Although a particle belonging to a perfect triangular lattice has an exactly value of ξ , that is, ξ = 0.866, the above interval, which is used to tell whether or not a given particle belongs to a triangular lattice, shows that our results are more realistic. This last statement is based on the fact that, in experimental realizations, the self-assembled structures are usually not free of small deformations or defects.
The red region of the R × α diagram [ Fig. 4(a) ] shows the clusters in which φ triangular 0.35. In other words, such a colored area indicates the regions where at least 35% of the particles are organized in a triangular lattice. The unfilled regions of Fig. 4(a) represent the area in the phase diagram where the presence of the triangular lattice is less than 35% of the cluster or even nonexistent. Nevertheless, note that for small values of R, i.e., R 1.5, the triangular lattice is always present. The latter is consistent with the fact that for small R the repulsion between the particles is not large, and hence the repulsive force cannot counterbalance the external force generated by the confinement. When the external pressure prevails, the particles organize themselves in a triangular lattice, since this type of arrangement is more compact.
We consider that a given particle belongs to a square lattice if the value of ξ for such a particle is within the range 0.98 ξ 1.00. The quantity φ square is defined as the ratio between the number of particles belonging to a triangular lattice and the total number of particles. The regions of the 35 . φ L is the ratio between the number of particles belonging to a lattice of the type L and the total number of particles. We have defined that a given particle belongs to a lattice of the types triangular, square, and mixed if the value of ξ to the given particle is within the ranges 0.85 ξ i < 0.89, 0.98 ξ 1.00, and 0.89 ξ i < 0.96, respectively. phase diagram R × α wherein at least 35% of the particles have φ square 0.35 are highlighted in green in Fig. 4(b) . Notice that the unfilled region of Fig. 4(a) approximately coincides 
with the region of the square lattice shown in Fig. 4(b) . Anyway, it is important to note that these regions are not exactly complementary; i.e., there are regions of intersections between the red area of Fig. 4(a) and the green area of Fig. 4(b) . In such intersections occur a significant presence of the square and triangular lattices, where each of these lattices has at least 35% of the total particles in the cluster.
For a perfect mixed lattice, the value of ξ for a given particle is 0.951. We consider that a given particle belongs to a mixed lattice if the value of ξ for such a particle is within the range 0.89 ξ i < 0.96. The ratio between the number of particles belonging to a mixed lattice and the total number of particles is defined as φ mixed . The mixed lattice is the one that appears less in the phase diagram, as we can see in Fig. 4(c References [40, 41] demonstrate that the self-assembly of colloidal particles on a quasiperiodic substrate can generate a square-triangle Archimedean tiling of the type 3 3 .4 2 , that is, a tiling formed by stripes of triangles and squares with a ratio of 3 to 2. For the formation of such structures, the interaction strength between the substrate and colloids was of paramount importance. Indeed, as demonstrated by the latter two works, as the interaction between the substrate and colloids decreases, the only possible arrangement becomes the triangular one. It is worth noting that, in our model system, the formation of the square-triangle Archimedean tiling, which we named a mixed lattice, is simply due to the interaction potential between the colloidal particles. Notice that, as revealed by our previous work [38] , such square-triangle Archimedean tiling can also be generated in the absence of any external confinement. 
B. Global cluster structure
We now turn to the global structure and focus in particular to noncompact clusters. As stated before, by definition η = A p /A c , where A p is the area actually occupied by the particles while A c is the area of the convex hull. In the case where the cluster is massive we have η 1.00, since in this situation A p A p . On the other hand, perforated and fringed clusters have values of A p significantly lower than those of A c , then the value of η decreases from unity. In Fig. 6(a) , where the vertical and horizontal axes correspond to the magnitudes R and α, respectively, we highlight in blue the regions in which the clusters have a value of η < 0.90. We can clearly see that this occurs for high values of R; more precisely, this always occurs for R > 4.90. Figure 7 shows some representative configurations of the system for several values of R and α. Note that configurations belonging to the same column have the same value α, which is given in the bottom of the figure, while the values of R, which are indicated beside each of the configurations, grow upwards. We can clearly see from Fig. 7 that in fact the configurations located near the top of the figure have decorative edges, while those for small values of R correspond to massive clusters. This result is in agreement with that obtained in Fig. 6(a) .
Following from left to right the first row of Fig. 7, i. e., the row having the configurations with the highest values of R for each α, we can clearly see that the perforated clusters tend to occur for high values of α. In particular the configuration of Fig. 7 (a7) exhibit three internal voids and a smooth particle radial distribution at the edge of the cluster. Furthermore, it can be seen, also from the first row of Fig. 7 , that the thickness of the fringes tend to enlarge with increasing α. Notice that, for α = 0.1 and R = 5 [see Fig. 7(a1) ], the fringes are almost one-dimensional chains, while for α = 2.2 and R = 5.2 [see Fig. 7(a4) ] the thickness fringes have, approximately, three colloidal diameters. Eventually the widening of the fringes becomes sufficiently large that two neighboring fringes become able to join and form a void [see, for example, Fig. 7(a6) ]. Previously, Ref. [42] has predicted the formation of a regular triangular lattice perforated by voids for two-dimensional systems of classical particles interacting via a long-range repulsive and short-range attractive potential.
The second and fourth columns of Fig. 7 demonstrate that as R grows the triangular lattice is gradually replaced by the square lattice. Moreover, such a lattice change begins by the edge of the cluster, as we can see in Figs. 7(d2) and 7(e3). At the lower limit of R, i.e., for R = 0.0, the total energy of the system is due only to the confinement. In such a situation, the triangular lattice is the one that best minimizes the total energy, since it has the most efficient packing. On the other hand, the increase of R leads to an increase of the particles' distance, since this lowers the interaction energy. Notice that the appearance of the square lattice conforms to this latter fact, since it has larger particle spacing than that of the triangular lattice.
For increasing values of R, we also verified a delay in the formation of the fringes for clusters that can display the square or mixed lattices. This fact can be seen directly from the second and fourth columns of Fig. 7 . A more quantitative result of such delay in the appearance of the fringes can be obtained from Figs. 4(a) and 6(a) . Note that the first three grooves in Fig. 6(a) and the three empty regions of Fig. 4(a) occur, approximately, for the same values of α. We recall that the blanks in Fig. 4(a) correspond to regions where the square or mixed lattices can occur, as indicated by Figs. 4(b) and 4(c) .
Note that a large value of can indicate (1) a loop of particles near the edge of the cluster, as we see in Figs. 7(a1), 7(a5), and 7(b3) or (2) the presence of a void located closer to the center of the cluster. In the first case the system also features a large value of σ 2 r ; however, for the second case, the value of σ 2 r is not high, because as noted earlier, in such a situation the radial distribution of particles belonging to the cluster's edge is smooth, as can be seen, for instance, in Figs. 7(a1) and 7(a7). Such correspondence between the quantities σ 2 r and can be seen in Figs. 6(b) and 6(c).
Finally, we observe that, for increasing values of R, clusters with α = 1.4 (third column of Fig. 7 ) evolve directly from a compact triangular structure towards a fringed cluster having a triangular core. On the other hand, in the case α = 2.2 (fifth column of Fig. 7) , we can see that as R grows the triangular lattice gives rise to a disordered arrangement near the edge of the cluster. For high values of R, i.e., R = 5.5 [see Fig. 7(a5) ], the system achieves a fringed pattern but with a disordered core. For the case α = 3.2 and large values of R, e.g., R = 5.2, the cluster can exhibit fringes and voids [see Fig. 7(a6) ], whereas for small values of R, e.g., R = 0.1, the order of the cluster is predominantly triangular [see Fig. 7(e6) ]. As we can see from Fig. 7(d6) , the system can be organized into a combination of square and mixed lattices, or in a pure square lattice, as seen in Fig. 7(c6) . Ultimately, for α = 4.3 (seventh column), we can see that the triangular ordering is maintained independently from the value of R, while the macroscopic state can change from a compact [see Fig. 7(e7) ] to a perforated pattern [see Fig. 7(a7) ].
IV. CONCLUSION
In conclusion, we have studied confined colloids with competing pair interactions and obtained the ground state structure numerically. A wealth of stable structures is found including clusters with a fringed outer rim (reminiscent to an ornamental border), clusters perforated with voids, as well as clusters with a crystalline core and a disordered rim. Since all cluster structures occur in a two-dimensional parameter space, the structural ordering can be efficiently tuned by changing few parameters only.
For future studies it would be interesting to consider the dynamical modes ("phonons") at finite temperature [43] and the dynamical response of colloids in a time-dependent external trap [44] . The nature of the breathing mode is expected to be very different for the fringed cluster as compared to the ordinary shell structure. Moreover other types of confinement including a slit geometry [45] [46] [47] (or a cylindrical tube [48] ) would be interesting to study, leading to periodic layered (or helical) structures in two (or one) dimensions.
Our results were obtained on pure energetic grounds, i.e., the temperature or any external agitation vanish. Finite temperature and agitation will melt some of the structures, but the structures are expected to stay stable for weak perturbations. For confined solids, temperature effects have been studied recently [47, 49] , and the influence of agitation on structure generated by competing interactions has also recently been explored [36] . The actual melting process in a finite-size cluster may depend sensitively on the details of the structures. One can surmise that the perforation voids and outermost fringes will act as natural locations where melting sets in first as temperature is increased in analogy to surface melting of solids [50, 51] . All these aspects are interesting topics for further work.
